Abstract. We show that the approximation given by the original discontinuous Galerkin method for the transport-reaction equation in d space dimensions is optimal provided the meshes are suitably chosen: the L 2 -norm of the error is of order k + 1 when the method uses polynomials of degree k. These meshes are not necessarily conforming and do not satisfy any uniformity condition; they are only required to be made of simplexes each of which has a unique outflow face. We also find a new, element-by-element postprocessing of the derivative in the direction of the flow which superconverges with order k + 1.
1. Introduction. We show that the original discontinuous Galerkin (DG) [15, 12] , method can approximate in an optimal fashion the solution of the convectionreaction problem β · ∇u + c u = f in Ω, (1.1a)
Here Ω ⊂ R d is a polyhedral domain, Γ − := {x ∈ ∂Ω : β · n(x) < 0}, and n(x) is the outward unit normal at the point x ∈ ∂Ω. The functions f and g are smooth, β is a non-zero constant unit vector and c is a non-negative function in L ∞ (Ω). Indeed, if u h denotes the approximation given by the DG method using polynomials of degree k, we prove that, for a special class of triangulations Ω h , we have
where ∂ β := β·∇, P is the L 2 -projection into the finite element space, and ∂ β,h u h is an approximation to ∂ β u obtained by using an element-by-element postprocessing of u h . Note that the above approximation result is optimal for the quantity u − u h L 2 (Ω h ) in the order of convergence in h as well as in the regularity of the exact solution; the estimate of the quantity P(∂ β u) − ∂ β,h u h L 2 (Ω h ) is clearly a superconvergence result. This has to be contrasted with the estimate for general triangulations
that follows from results obtained back in 1986 in [11] . The mechanisms that induce the loss of h 1/2 in the order of convergence of the L 2 -norm of the error are not very well known yet. In 1988, it was shown [16] that, in the two-dimensional case, the estimate
holds for conforming triangulations obtained by using slabs of parallelograms divided into two triangles always in the same way. The triangles were chosen so that their sides are uniformly not aligned with the convection direction β, that is, so that they satisfy what we could call the transversality condition
where n K is the outward unit normal of the simplex K and γ is a fixed constant. In 1991, the rate of convergence of h k+1/2 for u − u h L 2 (Ω h ) was shown to be sharp in [13] ; a rigorous proof was given for the case k = 0 and convincing numerical evidence was shown for the case k = 1, also in the two-dimensional case. As the reader might expect, in those numerical experiments, triangulations violating the transversality condition played a central role which lead the author to conjecture that this condition "may be a natural condition under which to seek improved estimates". However, a consequence of our main result is that improved estimates can be obtained even if the transversality condition is not satisfied in any triangle. Indeed, our improved estimates hold for triangulations Ω h made of simplexes K satisfying the simple flow conditions with respect to β Each simplex K has a unique outflow face with respect to β, e
(1.3a)
Each interior face e + K is included in an inflow face with respect to β of another simplex .
(1.3b)
We say that the face e of the simplex K is an outflow (inflow) face with respect to β if β · n K | e > (<) 0. We say that a face is interior if it is not included in ∂Ω.
Note that the second condition allows the triangulation to be nonconforming. In two dimensions, this means that hanging nodes in a simplex K are allowed provided they are not in its outflow edge; an example of such a triangulation is given in Fig. 1.1 . Note that this triangulation is not uniform or translation invariant. In the Appendix, we show how to construct triangulations satisfying the flow conditions in any number of space dimensions. The main idea behind the devising of these meshes, and the associated analysis giving rise to optimal error estimates, is a suitable adaptation to the convectionreaction equation under consideration of the projection (Π, P) recently introduced for the analysis of superconvergent discontinuous Galerkin methods for second-order elliptic problems in [6] . The first component of such projection, Π, was previously used in the analysis of the so-called minimal-dissipation LDG method for convectiondiffusion problems. Here, we use the second component, P, to render the analysis of error in u not only extremely simple and optimal but also capable of handling non-conforming meshes that are not uniform in any way.
Let us emphasize that the role of the special meshes for the construction of the approximation ∂ β,h u h to the directional derivative ∂ β u is not essential for two reasons. The first is that such an approximation can be defined on any mesh of simplexes. The second is that, for the general meshes considered in [11] , we can obtain the estimate
which shows that even in this case, ∂ β,h u h is a better approximation than ∂ β u h . Postprocessings similar to the one giving rise to ∂ β,h u h have been used before in the context of flow through porous media, [4] , in the context of the Navier-Stokes equations, [7] , and in the context of linear elastic incompressible materials, [8] . In all the above-mentioned references, they have been used to construct exactly divergencefree approximations to the velocity or exactly divergence-free stresses.
It is interesting to note that, when the triangulations Ω h satisfy the flow conditions (1.3) with respect to β and with respect to −β, we can obtain error estimates of the numerical trace u h in each outflow face e, namely,
where P ∂ is the L 2 -projection into the space of polynomials of degree at most k on each face, and Ω e is a suitably chosen subset of Ω h . In particular, this implies that the average of u h on the face e converges to the average of u on that face with order 2 k + 1. This is the only result of this type in the current available scientific literature, to the knowledge of the authors.
Finally, we extend our results in two directions. First, we consider approximations that are polynomials of different degrees on different elements. With the condition that the degrees of polynomials are non-increasing in the direction of β, we show that the estimates of approximations of u and ∂ β,h u h still hold. Then we consider the singularly perturbed problem in Ω ⊂ R
where 0 < < < 1 is a constant and prove optimal local error estimates for ≤ h 2 on quasi-uniform meshes. We also show that internal numerical layers have width max(h, 1/2 ) on triangulations Ω h that satisfy the flow conditions (1.3) with respect to both β and −β. This improves the best known result of h 1/2 ; see [10] . A similar result for the streamline-diffusion method is contained in [14] .
The paper is organized as follows. In section 2 we state and prove our main results. In section 3, we extend our results to variable-degree versions of the method; we show the results for the singularly perturbed problem. We end in Section 4 with some concluding remarks. 
where
Notice that we only need to define the numerical trace v on faces that are not parallel to the direction β and do not belong to the inflow part of the boundary Γ − . Therefore, the numerical trace of a function v on a simplex K for such faces e is given by
We are using the notation
The outward normal unit vector to ∂K is denoted by n.
Notice that the exact solution u of (1.1) also satisfies the weak formulation (2.1), so we have the error equation
2.2. The approximation of u. To state our result on the approximation of u, we need to introduce a special projection, P, defined on triangulations Ω h satisfying the flow condition (1.3a). The function
The following lemma was proved in [6] . Lemma 2.1. If the triangulation Ω h satisfies the flow condition (1.3a), the projection P given by (2.3) is well defined. Moreover, on each simplex K ∈ Ω h we have
4)
where C only depends on k and the shape regularity of the simplex K. Now we can state our first error estimate. 
In particular, if c ≡ 0 then
Note that, after a straightforward application of the triangle inequality, we get
and hence, by the approximation property of the projection P, (2.4), we have that
where, by definition of the bilinear form B(·, ·), (2.1b),
Now, by the definition of the projection P, (2.3a),
Moreover, by the definition of the numerical trace P u,(2.1c),
by the definition of the projection P, (2.3b), and by the fact that, by the second flow condition (1.3b),
. Therefore, we have that
and, by the stability result of Theorem 2.1 in [11] , we obtain
for h sufficiently small. This completes the proof. 
Post-processing:
The approximation to ∂ β u. Next we show how to post-process u h in order to get a superconvergent approximation of ∂ β u. To this end, for each simplex K we define q h ∈ P k (K) ⊕ x P k (K) to be the solution of
for all w ∈ P k (e), for all faces e of K, (2.5b)
where λ h = P ∂ g on Γ − and λ h = u h otherwise. The existence and uniqueness of q h is well known; see, for example, [5] . We then define
We can now state the error estimate between ∂ β,h u h and ∂ β u.
Here P is the L 2 -projection into V k h . We can thus see that, if we use the estimates for arbitrary triangulations Ω h obtained in [11] , we obtain
and if, we assume that Ω h satisfies the flow conditions (1.3), we obtain, by Theorem 2.2,
as claimed in the Introduction. This implies that, if u is smooth enough,
is of order h k+1/2 for arbitrary meshes and of order h k+1 for the special meshes under consideration.
Proof.
by the definition of the exact solution u of (1.1a). By the definition of q h , (2.5),
by the definition of the approximate solution u h , (2.1). The proof is complete once we take v = ∂ β,h u h − P(∂ β u). , (2.6) where e is the outflow face of the simplex K ∈ Ω h . To this face, we associate the subset of Ω h defined by Ω e := {K ∈ Ω h : ∀x ∈ K, there is x 0 ∈ e and t ≥ 0, such that x = x 0 − βt}.
Theorem 2.4.
If Ω h is a triangulation of Ω satisfying the flow conditions (1.3), with respect to β and −β. Then on any outflow face e
Note that the condition of the triangulation Ω h implies that each simplex K has exactly one outflow face e This result implies, in particular, that the average of the numerical trace u h on each outflow face e converges to the average of the exact solution u on that face with order 2 k + 1 for general c and with order 2 k + 2 in the case c = 0. To see this, let us begin by noting that if Υ ∈ H k+1 (e), we have that
and so
The claim follows by simply taking Υ = 1. Let us emphasize that the order of convergence of the approximation of linear functionals of the form u , Υ ∂Ω\Γ − can be proven to be of order 2 k + 1; see [1] for the case c = 0 and Υ = 1. This result holds for functions Υ that are independent of the mesh; as a consequence, Υ cannot be taken to have support in a single element face. To the knowledge of the authors, Theorem 2.4 is the only result that allows this.
Next, we give a proof of the result. To do that, we need to introduce some notation. A glance to the definition of the negative-order norm · H −s (Ω e ) , (2.6), suggests that, to estimate P ∂ u − u h H −s (e) , we need to introduce the corresponding dual problem, namely,
whose exact solution is
where x(t) = x 0 − β t. Hence, if we assume that c ∈ W max{s−1,0},∞ (Ω e ) and that ψ ∈ H s (Ω e ) for some s ≥ 0, then we have
We are going to use two auxiliary projections. We set P + := P which is defined in (2.3), and let P − be the projection which satisfies (2.3a) and imposes (2.3b) on e − K instead of e + K . Finally, we note that, by using the projections P + and P ∂ , we can rewrite the error equation (2.2) as
We are now ready to prove Theorem 2.4. Proof. To prove this result, we begin by noting that
by the boundary condition of the dual problem, (2.7b), and that
by our assumptions on the triangulation Ω h . Then
and, by the error equation (2.9) with v := P − ψ,
3. Extensions.
3.1. The variable-degree DG method. The variable-degree DG approximation u h belongs to the finite dimensional space V k h which is given by
The definition of P can easily be generalized for the variable-degree space. We define Pu ∈ V k h using the definition of the previous section but with the space P k−1 (K) replaced with P k(K)−1 (K) and the space P k (e + K ) replaced with P k(K) (e + K ). We need to impose a condition on the space V k h :
The following result can be proven in the same way as Theorem 2.2. 
(3.2b)
We use the interior penalty method to discretize the viscosity term − u, see [2] and [9] . Any other DG method which is consistent and stable could be used to discretize this term, see [3] . Thus, the DG approximation u h ∈ V k h , where k ≥ 1, of (3.2) solves
The set E h is the collection of edges of the triangulation Ω h . The parameter η is large enough in order to ensure stability. The average { {·} } and jump [[·] ] operators are defined as follows. For an interior edge e, we set In order to state the result we need to introduce a proper weight function. For simplicity we assume β = (1, 0). Accordingly, we set, for fixed x 0 , y 1 and y 2 ,
and construct a function ω satisfying
Here ρ ≥ 0, σ ≥ 0 are parameters that will depend on the mesh size h and . We say that ρ is the size of the upwind layer and σ is the size of the crosswind layer. The positive constants C 1 , C 2 and M are fixed. 
where ω is given above with ρ = log( 1/2 , h). We immediately get optimal weighted error estimates if ≤ h 2 . The size of the crosswind layer σ is typically σ = h 1/2 for general triangulations; see [10] . However, we see that the size of the crosswind layer is reduced to σ = h if the flow conditions (1.3) for both β and −β are satisfied. This is exactly the result that was obtained for the streamline diffusion method in [14] . However, in [14] an almost uniform mesh condition was needed whereas for our results we only assume quasi-uniformity. Moreover, our results also hold for high-order elements.
The proof of Theorem 3.2 is very similar to the proof of the local estimates given in [10] . However, instead of using the L 2 -projection one must use the projections P = P + and P − used in this paper.
4. Concluding remarks. This paper contains the first instance in which the approximation error u − u h L 2 (Ω h ) , where u is the solution of the transport-reaction equation and u h is given by the original DG method, is proven to be optimal in the mesh size h and in the regularity of the exact solution. Unexpectedly, this happens with meshes whose main feature is to be, roughly speaking, aligned with the flow.
The fact that the direction of the flow β is a constant and the use of simplexes to define the triangulations Ω h seem to play a major role in the result. The case of variable β and simplexes with curved boundaries is the subject of ongoing research.
Appendix: The construction of triangulations satisfying the flow conditions. Let us show that it is always possible to construct a triangulation of the domain Ω ⊂ R d satisfying the flow conditions (1.3).
